A method is presented for the steady-state analysis of universal motors operating under direct or alternating voltage sources, and in the presence of saturation of the iron in the magnetic circuit. The saturation is modelled through a completely general functional dependence of the air-gap flux on the current, thus resulting in a unified treatment for various saturation models. It is shown that the calculation of the steady-state response can be reduced to the solution of a single algebraic equation. The presence of saturation is shown to increase both the amplitude and the phase lag of the current. For a particular saturation model having the form of a rational function, analytical formulas are derived which allow for the calculation of the current from its unsaturated or fully-saturated values. The changes in the input power, output power, and mechanical efficiency of the motor due to saturation are investigated.
Introduction
The equations governing the dynamics of electrical machinery often disguise the fact that many parameters are simply approximations representing the average conditions in a nonlinear operating range. The sources for nonlinearities are several fold, ranging from hysteresis to thermal fluctuations. Thus, simplifications are necessary because of the difficulties in either modeling the nonlinearities or analytical treatment of the resulting system. On the other hand, many application areas demand analytical results for realistic models incorporating the appropriate nonlinear effects. For instance, practical design considerations require that some degree of saturation occurs in the magnetic circuit of the electrical motor. This implies that the relations between the relevant flux and the current terms are essentially nonlinear, whereas current solution techniques are mostly based on assumptions of linearity, leaving the treatment of the nonlinearities to numerical simulations.
The purpose of this paper is to present an analysis of the steady-state behavior of universal motors under a constant or alternating power source and with saturation effects taken into account through appropriate modelling. A large class of machines operate mostly at steadystate; hence, results relating to steady-state are useful in areas like the design and the testing of machinery. Universal motors are chosen because they are widely used in industrial products such as household appliances. In addition, their dynamics can be described with relatively simple equations, which makes it easy to focus on the effects of the nonlinearities involved. However, the method presented here is also applicable to other types of electrical machinery.
For the universal motor, the dynamical system to be analyzed consists of two coupled first-order differential equations under external forcing, written in terms of the motor speed and the current flowing through the windings. The saturation effects are incorporated into the model by letting the air-gap flux depend nonlinearly on the current. Rather than assuming a particular relation between the flux and the current, however, we work with a very general function embodying only the basic features of saturation. This allows the results presented here to hold for all plausible saturation models. In this context, we show that, for both constant and sinusoidal voltage sources, the calculation of the steady-state solution of the differential equations can be reduced to finding the root of a single algebraic equation. We give conditions for the existence and uniqueness of the root. In addition, we show that the presence of saturation results in higher values of both the amplitude and the phase lag of the current. Finally, we present closed-form formulas and numerical results for a particular saturation model having the form of a rational-function, and demonstrate the effects of saturation on the calculations involving the input and output power and the mechanical efficiency of the motor.
The paper is organized as follows. In the next section, the nature of saturation effects and their introduction into the dynamical equations is discussed. Section 3 is devoted to a detailed analysis using a general saturation model, for both direct and alternating voltage sources. The more technical aspects are presented in the form of propositions in order not to interrupt the flow of the development. For the purpose of obtaining compact formulas and performing numerical calculations, a particular saturation model needs to be selected. This is done in Section 5, using a rational-function form. It is then shown that the method presented here allows for the prediction of steady-state current and speed with good accuracy.
Saturation and the dynamical equations
The universal motor is a series machine which can operate under both direct and alternating voltage sources. Its dynamics are governed by the equations [1] :
where I is the current flowing through the motor windings, U is the angular speed of the rotor, V (t) is the input voltage, and Φ is the air-gap flux. (Additional coefficients have been subsumed into the definition of Φ for simplicity.) The various parameters appearing in the equation and typical values are given in Table 1 . The term U Φ in (1) represents the counter electromotive force E a induced by the rotation of the armature winding in the air-gap magnetic field of the motor, and the term IΦ in (2) is the electromagnetic torque produced by the motor. The flux Φ is a function of the current I, so (1)-(2) is a nonlinear system of equations. In analyses where saturation is neglected, the relation between Φ and I is taken to be linear:
where the coefficient k 0 is the mutual inductance between the field and armature coils. The actual relation, however, is nonlinear and can be obtained experimentally. For instance, since E a = U Φ, recordings of armature voltage at various current levels as the machine is driven at a fixed speed reveal the form of the dependence Φ(I). An example of such experimental data is shown in Figure 1 . This so-called magnetization curve represents the average operating conditions within the hysteresis loop [2] . The offset at the origin is due to residual magnetization, and can usually be neglected in applications. The slope of the graph is approximately constant at low currents, which is the region where E a can be taken to be approximately proportional to U I, with k 0 being the proportionality constant. However, as the iron is saturated at higher currents, the slope decreases, and E a eventually approaches a constant-a fact which is not reflected by (3) . This implies that the proportionality "constant" between Φ and I varies depending on the current level, with the quantity k 0 representing just the limiting value
To obtain a more realistic model, the constant k 0 in (3) will be replaced by a function k of the current I, so that E a = k(I)IU faithfully represents the magnetization curve. It follows by (4) that k 0 = k(0), provided k is continuous at the origin. Since the magnetization curve is symmetric with respect to the origin, writing
gives the correct sign for Φ when the current is also allowed to assume negative values. In this way, it is only necessary to consider the values of k on the interval [0, ∞). In view of the discussion of saturation above, k should be a nonincreasing function, whereas Φ is a nondecreasing function of I. These conditions are summarized in the following, where R + denotes the set of nonnegative real numbers.
(K) The function k : R + → R + is continuous and nonincreasing. Furthermore, the mapping x → xk(x) is nondecreasing on R + .
Condition (K) is a simple expression of the most basic information about saturation, without referring to the actual functional form of k. It will be shown that many qualitative aspects of the steady-state behavior of the motor can be derived using only the property (K), without the exact knowledge of the function k. This gives a unified way of treating a whole class of saturation models. For quantitative purposes, it is possible to approximate k using a fit to the experimental data. An example of this will be given in Section 5.
Although using (5) in (1)- (2) results in a more realistic model, it makes it considerably more difficult to obtain analytical solutions of the dynamical equations. In what follows, the important case of steady-state response will be considered under both constant and sinusoidally varying input voltages, and a constant load torque T . The term steady-state refers to an asymptotically stable solution which represents the long-term behavior of the system.
It will be convenient to carry out the analysis using dimensionless variables. To this end, a new time scale is defined as s = ω 0 t, where ω 0 is some characteristic frequency, such as that of the sinusoidal excitation. Let V 0 be some characteristic voltage, such as the root-mean-square (rms) value of the input, and define a nondimensional current as
and speed as
Finally, define the functionk ask
It is clear thatk satisfies the property (K) whenever k does. Using (5)- (8) in (1)- (2), one arrives at the equationsL
where the various dimensionless parameters are defined in Table 2 . The steady-state solutions of (9)-(10) will be considered in Sections 3.1 and 3.2, for an alternating and a constant input voltage, respectively.
3 Steady-state analysis
AC excitation
In this section, the steady-state response of the motor to an alternating power source will be considered. When the input voltage is sinusoidal with angular frequency ω 0 , numerical solution of (1)- (2), as shown in Figure 2 , as well as experimental data, indicate that the current will also be very nearly sinusoidal with the same frequency. Our aim is to mathematically justify this observation, and analytically calculate the amplitude and phase of the current as well as the motor speed. It is also observed that the rotor speed is basically constant at steady-state. Since (10) implies that the speed will be oscillatory if the current is periodically varying in time, the speed must execute small-amplitude oscillations about a mean value. The physical reason is that the rotor has difficulty following the high-frequency excitation due to its inertia, and this is made mathematically rigorous by the following proposition. 
where
Proof. Equation (10) can be written as
By assumption, the right hand side is 2π-periodic in time. Averaging over one period, one obtains the differential equation
This equation has an asymptotically stable equilibrium point at
with the corresponding eigenvalue equal to −J −1 < 0. The conclusion of the proposition then follows by the averaging theorem [3] . From this proposition, the motor speed u at steady-state will be taken to be equal to the constant Figure 2 shows that the relative error committed in replacing the speed with its average value is about 10 −3 , in agreement with Proposition 1. Of course, it yet needs to be shown that the current i actually settles to 2π-periodic oscillations at steady-state. We turn to this issue next.
For convenience in calculations, the complex forms of the current and voltage will be used. Hence, the voltage is taken to be of the form V (t) = V 0 e jω 0 t , where j denotes the imaginary unit. Equation (9) then becomesL di ds
Whenk ≡k 0 and u = u 0 are constant, (12) is a linear differential equation; so all the solutions approach the periodic solution given by
By (11) and (13), u 0 is then the mean unperturbed speed satisfying
which is assumed to be positive. The fact that the solution is asymptotically stable implies that it will persist if the functionk is close tok 0 , with possible variations in the amplitude, phase, or frequency. Motivated by the form of the unperturbed solution (13), we use a variation-of-constants approach [4] and assume that the perturbed solution has the form i(s) = r(s)e −jφ(s) e js . Substituting into (12), separating the real and imaginary parts, and using (11), one obtainsL dr ds + r +k(r)ur = cos φ,
Whenk(r) ≡k 0 , the system (16)-(18) has an asymptotically stable equilibrium point (r 0 , φ 0 , u 0 ) ∈ R 3 corresponding to the unperturbed periodic oscillations in (11)-(12). Hence, fork close tok 0 , there will be an asymptotically stable equilibrium (r, φ, u) near (r 0 , φ 0 , u 0 ) in R 3 . This agrees with the intuitive expectation that the perturbed current will also be sinusoidal with the same frequency. The point (r, φ, u) will satisfy r +k(r)ur = cos φ,
Only the practical case in which the motor drives the load, and not vice-versa, will be considered; so there is also the implicit requirement that u ≥ 0.
We note a point which may be obscured by notation of complex numbers. Usingk(r) in the above equations is equivalent to assuming that the contribution ofk depends on the average (rms) value of the current, rather than on its instantaneous value. This is not an unreasonable assumption for high-frequency oscillations, and it simplifies the calculations considerably. It will be shown numerically in Section 5.1 that the error introduced by this assumption is small.
To summarize, if (r, φ, u) is a solution to the system of algebraic equations (19)-(21), then (12) has a solution of the form i(s) = re −jφ e js . Note that this is true regardless ofk(r) being close tok 0 , although we have used ideas from perturbation theory in the development. Combining (19), (20) and (21), one has r +k(r)r k (r)r
Thus, under a sinusoidal excitation the steady-state current is also sinusoidal with an rms value given by the solution r of (22) and oscillating at the excitation frequency. The phase of the current and the motor speed are then calculated through (20) 
DC excitation
When the input voltage is constant, V (t) ≡ V 0 , the system (9)-(10) is expected to approach an equilibrium point at steady-state. Setting the derivatives to zero in the equations shows that the equilibrium solution (i, u) satisfies
Without loss of generality, it is assumed that both the voltage and current are positive, so that the absolute value signs will be dropped. Also, for notational conformity with the case of AC input, the equilibrium current will be denoted by the symbol r. Substituting (24) into (23), it is found that r is the solution of the equation
Once (25) is solved for r, the equilibrium speed u is found from
which is the same equation as (21). Furthermore, ifL is set to zero, (22) reduces to (25), and (20) holds trivially for dc excitation. Hence, the steady-state behavior under both ac and dc excitation can be conveniently investigated through the same set of equations, given in (19)-(21), the solution of which is taken up in the next section.
Existence of solutions
As the steady-state behavior of the motor under both direct and alternating voltage sources has been reduced to the solution of the algebraic equation (22), it needs to be verified when this equation actually has a solution and, if it does, when the solution is unique. In the special case that the functionk is identically zero, the solution to (22) is easily obtained. This case can be considered as the limit which corresponds to full saturation, so the solution will be denoted r ∞ , in conformity to the solution r 0 given by (14) and corresponding to the absence of saturation. Thus, from (22),
For more general functionsk, the existence and uniqueness of the solutions of (19)- (21) is given by the following proposition.
Proposition 2 Letk be a nonnegative continuous function on [0, ∞), and letL andT be nonnegative numbers such thatT
where r ∞ is defined by (27) . Then, the set of equations (19) Remark. The inequality (28) is simply an upper bound on the allowable external load so that the speed is positive, i.e., the motor is driving the load and not vice-versa. This condition is trivially satisfied when the load is zero.
Proof. Substituting (20) and (21) in (19), it is seen that r * is the root of the function g(r) := r +k(r)r k (r)r
Since r ∞ ≤ 1/L by (27), g is continuous and defined on [0, r ∞ ]. Now, 
where the second equality follows by rearranging the equation g(r * ) = 0. Thus, u * ≥ 0 providedk(r * ) = 0. On the other hand, ifk(r * ) = 0 then the fact that g(r * ) = 0 implies r * = r ∞ , and (28) gives u * = 0. This proves that u * ≥ 0.
To prove uniqueness of (r * , φ * , u * ), it suffices to show that g has a unique root r * . To this end, consider the function g(r)/r, which is continuous on (0, r ∞ ]:
Ifk satisfies the property (K), then g(r)/r is a strictly increasing function of r ∈ (0, r ∞ ] and, thus, has at most one root r * there. Since the roots of g(r)/r and g(r) coincide on (0, r ∞ ], r * is the unique root of g. This completes the proof of the proposition. Knowing that r * is unique and is contained in the small interval (0, r ∞ ] ⊂ [0, 1] regardless of the values of the parameter values makes it easy to calculate it numerically. For instance, the bisection method [5] rapidly and accurately converges to the root of (29), from which the values of φ * and u * follow. In the next section, the effects of varyingk on r * and φ * will be discussed.
The effects of saturation on the current
The results of the previous sections show that for quite general functionsk, the current is sinusoidal, and its amplitude and phase, as well as the motor speed, depend onk. It is of interest to find out how these quantities vary for different choices ofk, representing different levels of saturability of the magnetic circuit. To make the notion of saturability mathematically precise, for two functions satisfying condition (K) we say thatk 1 corresponds to a higher level of saturability thank 2 ifk 1 (r) ≤k 2 (r) for all r ≥ 0. This agrees with the observation that the constant functionk ≡k 0 > 0 corresponds to the absence of saturation whilek ≡ 0 corresponds to the theoretical limit of full saturation.
To carry out the analysis in a general way, we consider a set of functionsk ε indexed by a continuous parameter ε, where eachk ε is required to satisfy the condition (K). The parameter ε will be some convenient measure of the saturability of the magnetic circuit-a specific example will be given in Section 5. We setk 0 (r) identically equal to the constant valuek 0 in conformity with previous notation, and let higher values of ε represent higher levels of saturability. The following summarizes the assumptions onk ε :
(K ε ) For each ε ≥ 0, the functionk ε : R + → R + satisfies the condition (K). Furthermore, the functionκ : R + ×R + → R + defined byκ(r, ε) =k ε (r) is nonincreasing in ε for each fixed value of r ∈ R + .
The main result of this section is that both the amplitude and the phase lag of the current increase with increasing saturability.
Proposition 3 Letk ε be a set of functions satisfying the property (K ε ) and letε be a number such thatT
Then, for each ε ∈ [0,ε], the set of equations (19)- (21) Proof. By condition (K ε ) and (31), one hasT ≤k ε (r ∞ )r 2 ∞ for each ε ∈ [0,ε]. The existence and uniqueness of (r(ε), φ(ε), u(ε)) then follow by Proposition 2. To show that r(ε) is nondecreasing, let ε 1 , ε 2 ∈ [0,ε] with ε 1 < ε 2 , and let r 1 = r(ε 1 ) and r 2 = r(ε 2 ) be the corresponding solutions. We will show that the assumption r 1 > r 2 leads to a contradiction. Thus, consider the function G(r, ε) defined by the right side of (30) withk(r) replaced with k ε (r):
As observed in the proof of Proposition 2, for each ε, G(r, ε) is a strictly increasing function of r ∈ (0, r ∞ ], and G(r 1 , ε 1 ) = G(r 2 , ε 2 ) = 0. Now by condition (K ε ) and (31), the quantities k ε (r) and k ε (r)r 2 −T are both nonnegative and nonincreasing in ε. So,
On the other hand, since G is monotone in r,
which contradicts (32). Thus, r 1 ≤ r 2 , proving that r(ε) is nondecreasing. It follows by (20) that φ(ε) is also nondecreasing. Proposition (3) implies that the graphs of r and φ versus ε will be simple monotone increasing curves. Furthermore, Proposition 2 shows that r is bounded above by r ∞ , and thus, by (20), φ is bounded above by sin (14) are their corresponding lower bounds. In general, it is difficult to calculate the functions r(ε) and φ(ε) analytically, even whenk ε is specified. However, being bounded monotone functions, they can be approximated well by reasonably simple expressions. An example of this will be given in Section 5.2. Finally, it should be noted that the rotor speed u is in general not a monotone function of ε.
Rational-function model for saturation
It has been shown that the qualitative features of the steady-state behavior can be derived by using only the fact that the magnetization curve is concave down and monotonically increasing, and without knowing the exact function describing the curve. Nevertheless, for the purposes of quantitative calculations, it is necessary to specify a functional form for the magnetization curve. In this section, a specific function k(I) will be considered in order to derive analytically useful formulas for the steady-state behavior of the motor.
The actual function k can be obtained by a fitting procedure to the magnetization curve data. Since the condition (K) implies that k is a bounded monotone function, power series approximations to k will result in large errors on the unbounded domain R + . An alternative is to use a rational-function, or Padé, approximation. A moment's thought shows that the simplest nontrivial (i.e., nonconstant) rational function satisfying condition (K) has the form
where k 0 and b are positive constants. Although more sophisticated fits to the magnetization curve are possible, the expression (33) has the advantage of capturing the basic features of saturation using only a single parameter, b. This function has been used successfully in faultdetection schemes to model the motor response in the saturated regime [6] . The determination of k 0 and b from the dynamical response of the motor is also discussed in [6] , where it is shown that b is typically in the range 0.025-0.035 A −1 . Equation (33) is written in dimensionless form ask
where ε = bV 0 /R. Note that ε is a measure of saturability as discussed in Section 4, andk ε satisfies the condition (K ε ).
Numerical results
With the specific functional form of k given by (33), we are now in a position to test the accuracy of the solution derived in Section 3. For this purpose, the system (1)- (2) with Φ = k 0 I/(1 + b|I|) and V (t) = √ 2V 0 cos(ω 0 t) is solved by using a fourth-order Runge-Kutta routine, starting with arbitrary initial conditions and continuing until steady-state oscillations are reached. The values of the parameters are taken from Table 1 . The numerical solution is compared to the estimated sinusoidal solution √ 2(V 0 /R)r cos(ω 0 t − φ), where r and φ are given by the solution of (22) and (20). The results, as depicted in Figure 3 for the typical value of b = 0.03 A −1 , show a very good agreement between the two solutions. Similarly, the rotor speed estimated from (21) differs from the numerically calculated speed by less than 1%.
The agreement between the estimated and simulated responses continue to hold for the whole range of b (or equivalently ε) values. Figure 4 shows the normalized rms current r as a function of the normalized saturability parameter ε. It can be seen that r is an increasing function of ε, as stated in Proposition 3. Note that the quantity r ∞ defined by (27) is equal to 0.469 for the parameter values used here. Thus, r is seen to take values in the interval [0, r ∞ ], as asserted in Proposition 2, approaching r ∞ as ε increases. It should also be noted that the estimate given by the solution of (22) tends to underestimate the true solution slightly.
The effect of saturation on the motor performance can be also be calculated. The average input power to the motor is V rms I rms cos φ, where the subscripts denote the rms values, and the output power isT U . In terms of the dimensionless voltage and current, the power terms become (V 2 0 /R)r cos φ and (V 2 0 /R)T u, respectively. This leads to the definition of the dimensionless input powerp i = r cos φ and output powerp o =T u. As depicted in Figure 5 , bothp i andp o are initially increasing functions of ε, but eventually they start decreasing. This also shows that the rotor speed u is not monotone in ε. The mechanical efficiencyp 0 /p i , on the other hand, is monotonically decreasing over the whole ε-range. Thus, neglecting saturation in the calculations will lead to an overestimation of the motor efficiency.
Analytical solution
While the curves like those in Figure 5 can be easily calculated numerically, analytical formulas provide better insight into the effects of saturation by displaying how the motor response depends on the parameters. We will determine such explicit formulas for the rms current r as a function of the parameter ε using series expansions. Similar to the approach taken in [7] , the expansions will be carried out from two different directions to cover a wide range of saturability levels.
Taking the unsaturated solution as a starting point, r(ε) can be calculated as a perturbation solution in the form of a power series: Second-and higher-order terms are more complicated, and we only give the numerical values of the first six terms in Table 3 . In order to determine the convergence of the series (35), the quantity 1/ n |r n | is plotted for the first 100 terms in Figure 6 . The graph suggests a radius of convergence less than 25. For various parameter values, we have numerically observed that ε may need to be much less than this value for the series (35) to converge to r(ε). Figure 7 compares the true solution to the first-order formula r(ε) = r 0 + εr 1 .
Due to the rapid decrease in the magnitudes of r n , as given in Table 3 , the estimate does not improve appreciably with the addition of second-and third-order terms in the expansion. Hence, (36) gives a reasonably accurate estimate of r(ε) for ε roughly in the range 0-5, i.e., for low saturability. Note that the value of b = 0.03 A −1 used in the calculations of Section 5.1, which corresponds to ε = 1.65, is included in this range.
To address high values of ε, the fully saturated solution (ε = ∞) is taken to be the starting point of the perturbation expansion, and the expansion is carried out in powers ofε = 1/ε. Thus, we let
The individual terms are calculated as before, resulting in
where r ∞ is given by (27) as before. Unlike (35), the series (37) is divergent. The numerical values for the first few terms are given in Table 3 . Truncating the series at three terms has been found to give a good approximation; Figure 7 shows that the agreement with the true solution is very good for ε greater than about 40. Thus, the asymptotic series (35) is useful over a much larger range of ε-values as compared to the convergent series (35). The formulas (35) and (37) thus provide simple closed-form approximations for the normalized rms current at low and high saturability levels, respectively. A small number of terms is seen to be sufficient in each case. Once the current is calculated, the values of the phase lag and the rotor speed can then be found from (20) and (21) as usual. This gives a simple procedure for calculating the steady-state behavior of the motor in the saturated regime.
Conclusion
We have presented a method for obtaining the steady-state solution of the dynamical equations governing the universal motor under a constant or sinusoidal input. The method allows for the treatment of various saturation models under a common framework. It is based on reducing the solution of the differential equations through an appropriate perturbation scheme to the solution of an algebraic equation. The latter is amenable to simple numerical methods since it involves the calculation of the unique root of a continuous function inside a fixed finite interval. For a sinusoidal input voltage, the method is approximate, but nevertheless it gives accurate results. The results are obtained for a general class of saturation models, and thus are applicable to a wide variety of materials and designs. Normalized current (rms) Figure 7 : Comparison between the numerical and the analytical solutions. The estimates given by (36) and (37) are labelled "Low" and "High", respectively, to denote the ranges over which they are valid.
